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HYPERELLIPTIC CURVES AND HITCHIN TANGENTIAL
COVERS
TAEJUNG KIM
Abstract. In [5] we have generalized a tangency condition in the Treibich-
Verdier theory [8, 9, 10] about elliptic solitons to a Hitchin system. As
an application of this generalization, we will define, so-called, Hitchin
hyperelliptic tangential covers and show the finiteness of them among
all Hitchin tangential covers.
1. Introduction
In 1990, Treibich and Verdier completely characterized, so-called, elliptic
solitons. In their theory, what was essential was the concept of a “tangential
cover”. The new concept indeed makes it possible to classify analytic objects
by means of algebraic tools. As a spectacular application of the concept,
they showed that there are only finitely many hyperelliptic tangential covers
over a fixed elliptic curve. In [5] we generalized the concept of a “tangential
cover” to a Hitchin system (see [1, 4, 5] for the details of the Hitchin the-
ory). Loosely speaking, the generalized tangency condition in [5] provides
a way of taking a particular family HT(n, g,S) of Hitchin spectral covers
algebraically. The main idea of [5] is as follows: We construct a particu-
lar ruled surface S by elementary transformations from R × P1 where the
genus of a Riemann surface R is g > 1 and we consider a family of Hitchin
spectral curves which can be realized as divisors on S. We observe that
those Hitchin spectral curves in the surface S will have some special prop-
erty similar to elliptic solitons, i.e., tangential covers over an elliptic curve,
in the Treibich-Verdier theory. Hence, we will call them Hitchin tangential
covers as a generalization of the tangential covers. We denote the space of
all Hitchin tangential covers pi : R̂ → R of degree n by HT(n, g,S). In [5],
we proved for n > 2
dimCHT(n, g,S) = (n
2 − 1)(g − 1)− 1. (1)
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2 TAEJUNG KIM
As a sequel of [5], we will continue to investigate the generalized tangency
condition and exhibit one application of this analysis in this paper. That
is, we will prove the finiteness of Hitchin hyperelliptic tangential covers over
a hyperelliptic curve. However, in order to prove the claim, we may en-
counter one difficulty which comes from a way of constructing S in [5]. In
[9], Treibich and Verdier construct a ruled surface S over an elliptic curve
X where a natural involution of the elliptic curve X is canonically extended
to a natural involution of S. It was the key idea of proving the finiteness
of hyperelliptic tangential covers in [9]. Hence, we have to provide a similar
construction of a ruled surface S over a hyperelliptic curve (R, τ) in a way
of having a naturally induced involution τ on S from τ on R analogous
to the Treibich-Verdier construction. Once we construct the ruled surface
S in this way, the rest of the proofs of the finiteness naturally follows from
mimicking the techniques in the Treibich-Verdier theory [9]. Hence, the gen-
eral theme of the Treibich-Verdier theory will be repeated. Consequently,
we should mention that the enormous influence of paper [9] to this paper
should be credited and we would like to express our indebtedness of insights
and guidance from [9] during writing this paper. We hope that this pa-
per would manifest and develop the versatility and generality of the core
algebraic procedure in the Treibich-Verdier theory by illustrating its adapt-
ability to a Hitchin dynamical system in addition to the results obtained in
this paper about the Hitchin system.
The structure of this paper is as follows: In Section 2, we will formulate
another construction of a ruled surface which we have constructed in [5]
where Hitchin spectral curves can be defined as divisors. From this new
point of view of construction, when a base curve R is a hyperelliptic curve,
the associated ruled surfaceS will obtain a natural involution which plays an
important role in describing Hitchin hyperelliptic tangential covers. Hence,
we can observe that the surface S is the right generalization of the surface
S in the elliptic soliton theory [9]. In Section 3, we will characterize Hitchin
hyperelliptic tangential covers over a hyperelliptic curve by adapting the
framework of Treibich-Verdier theory. In Section 4, we will show the finite-
ness of Hitchin hyperelliptic tangential covers over a hyperelliptic curve by
calculating the dimension of a linear system explicitly.
2. The universal affine bundle and the ruled surface
In [5], we constructed a ruled surface for a Hitchin system to general-
ize the Treibich-Verdier theory for elliptic solitons. In this section we will
give another construction of the same ruled surface in [5]. The equivalence
of those two constructions is the essential part of characterization of the
finiteness of hyperelliptic Hitchin tangential covers in the moduli of all the
Hitchin tangential covers. For the complete backgrounds of the construction
in this section, we refer [2, 3, 7]:
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Let R be a compact Riemann surface of genus g > 0. From [2], we know
that Hom(pi1(R),C∗)/C∗, which is called a Betti groupoid, is holomorphi-
cally isomorphic to H1DR(R,C)/H1(R,Z) ∼= H1(R,C∗) ∼= (C∗)2g, so-called
a de Rham groupoid, which is the moduli space of flat C∗-connections over
R. On the other hands, a moduli space of Higgs bundles, T∗ Jac(R) ∼=
JacR×H1,0(R), which is called a Dolbeault groupoid, is not biholomorphic
to the other two spaces, since it is not Stein. Nevertheless, all three spaces
are diffeomorphic to each other. In particular, the correspondence between
a de Rham groupoid and a Dolbeault groupoid is given by,
D0 + [η]→
[(
(i=η)0,1, (<η)1,0)](p.34 in [2])
where η is a harmonic form and D0 is the reference flat connection. Using
this correspondence, we have a short exact sequence of commutative groups
0→ (Ga)g → (C∗)2g → Jac(R)→ 0 (2)
where Ga is the affine group of translations. So we have constructed an affine
bundle ∆̂ over Jac(R) with fiber (Ga)g. Note that this is a generalization of
a sequence in p.445 in [9]. It is well-known that there is a universal affine
embedding of ∆̂ to a holomorphic bundle of rank g + 1. Using the group
structures of (2), we may see that the structure group {Gij} of transition
functions for this case is given by
Gij =

1 0 · · · z′1j − z′1i
0 1 · · · z′2j − z′2i
...
...
. . .
...
0 0 · · · z′gj − z′gi
0 0 · · · 1
 ∈ SL(g + 1,C) ⊂ GL(g + 1,C).
Here (z′1,i, . . . , z
′
g,i) is a local coordinate of U
′
i where {U ′i} is an open cover
of Jac(R). The affine embedding transformation is given by
(w1, . . . , wn, 1)
Gij // (w1 + (z
′
1j − z′1i), . . . , wn + (z′gj − z′gi), 1).
Since T∗ Jac(R) ∼= JacR×H1,0(R) is a trivial bundle, T Jac(R) ∼= JacR×
H0,1(R) is a trivial bundle. Consider
TR
ψ
$$I
I
I
I
I
I
dAb // T Jac(R)
φ1

∆̂
φ2 // (C∗)2g
Here φ1 is a diffeomorphism which is the identity on Jac(R) and φ2 is a
biholomorphism. From this diagram, we see that the tangent bundle TR
has an induced affine structure. Note that this procedure is nothing but
giving a new complex structure to T Jac(R) induced from (C∗)2g. Since the
tangent bundle TR is naturally embedded into T Jac(R) by the Abel map,
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we may induce a new complex structure on the tangent bundle TR. Let
us denote ∆ := φ1 ◦ dAb(TR). Hence, ∆ is an affine bundle over R, i.e.,
a principal Ga-bundle over R, with this complex structure. Again, by the
universal affine embedding of ∆, we have a holomorphic vector bundle W of
rank 2 with the structure group {Gij} of transition functions given by
Gij =
(
1 zj − zi
0 1
)
∈ SL(2,C) ⊂ GL(2,C).
Here zi is a local coordinate of Ui where {Ui} is an open cover of R. The
affine embedding transformation is given by
(w, 1)
Gij // (w + (zj − zi), 1).
A vector bundle of rank 2 with the set of transition functions of type
{Gij(q) =
(
aij(q) bij(q)
0 cij(q)
)
} gives a P1-bundle and consequently it gives
a ruled surface (see [7] for details). We will let
S1 := P(W).
On the other hands, in [5] we have constructed a ruled surface S by
elementary transformations and showed the followings: Let KR =
∑2g−2
i=1 qi
be a canonical divisor of R. In particular, let us assume all the qi are
distinct throughout the paper unless otherwise specified. Let pi = (∞, qi)
for i = 1, . . . , 2g − 2 and p′i = ([−1, 1], qi) for i = 1, . . . , 2g − 2. Note that
pi ∈ P1 ×R and we denote ∞ = [1, 0].
Theorem 1. [5]
Let {(Ui, zi)} be an open cover with local coordinates zi of R. The tran-
sition function Gij ∈ PGL(2,C) on Ui ∩ Uj of a projective bundle
elmp1 ◦ · · · ◦ elmp2g−2 ◦ elmp′1 ◦ · · · ◦ elmp′2g−2
(
P1 ×R
)
is given by
Gij(q) =
[(
1 (gij(q)− 1)zi(q)
0 1
)]
∈ PGL(2,C)
Here {gij(q) = zj(q)zi(q)} is the set of the transition functions of a line bundle
OR(KR).
We will denote
S := elmp1 ◦ · · · ◦ elmp2g−2 ◦ elmp′1 ◦ · · · ◦ elmp′2g−2
(
P1 ×R
)
.
From Theorem 1, we can conclude that
S1 = S.
We will remark a couple of facts concerning the surface S for reader’s con-
venience. For more details, we refer [5]: Let C0 be a section of piS : S→ R
corresponding to a trivial sub-bundle. It is obvious that H0(R,W) 6= 0
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where W is the sheaf of W. Moreover, H0(R,W ⊗ L) = 0 for any line
bundle L with negative degree. Hence, W is normalized (see p.373 in [3]).
Consequently,
C0.C0 = qf.qf = 0 and C0.qf = 1 where
qf is a divisor which is the fiber pi−1S (q) of piS : S → R. Moreover, from
p.373 in [3] we see that the canonical divisor
KS ∼ −2C0 +KRf
where KR is a canonical divisor of R.
From these two different constructions of S, we can have one important
observation: The ruled surface S acquires a natural involution τ when R
is a hyperelliptic curve: Let τ be a hyperelliptic involution of a given hy-
perelliptic curve (R, τ). Then the hyperelliptic involution τ will induce an
involution τ∗ on Jac(R). It is not hard to see that the natural involution τ ′
on (C∗)2g given by (z1, . . . , z2g) 7→ (−z1, . . . ,−z2g) induces τ∗ by the affine
bundle structure of short exact sequence (2) of commutative groups. Hence,
we will denote the natural involution on (C∗)2g by τ by abusing a notation.
By restricting to Ab(R) which is obviously preserved by τ∗, this will give
an involution τ on S = P(W).
From Theorem 1, we see that this involution τ on
elmp1 ◦ · · · ◦ elmp2g−2 ◦ elmp′1 ◦ · · · ◦ elmp′2g−2
(
P1 ×R
)
fixes C0 and KRf set-theoretically and is nothing but the induced involution
from an involution (T, z) 7→ (−T, τ(z)) on P1 × R by elementary transfor-
mations. This involution τ will play a major role to study the finiteness of
Hitchin hyperelliptic tangential covers over a given hyperelliptic curve.
Remark 1. From what we have shown, we may see that the construction
is the generalization of the construction of a surface S in [9] which is a
projectivization of rank 2 bundle W over an elliptic curve X. The bundle
W is an universal embedding bundle of a principal affine-bundle ∆ over X:
0→ Ga → ∆→ X → 0.
3. Hitchin hyperelliptic Tangential Covers
Throughout this paper, we assume that qi i = 1, . . . , 2g− 2 in the canon-
ical divisor KR =
∑2g−2
i=1 qi are distinct and the ramification divisor of the
involution τ of (R, τ) do not intersect to the canonical divisor.
The involution τ constructed in Section 2 has 4g + 4 fixed points which
consist of two points over each ramification point of a hyperelliptic curve R
in the ruled surface piS : S → R. Note that 2g + 2 are on C0 and 2g + 2
are on ∆. We denote si by those points on C0 and ri by points in ∆ for
i = 1, . . . , 2g + 2.
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Definition 1. Let (R, τ) be a hyperelliptic curve. We say that a Hitchin
tangential cover pi : R̂ → R is symmetric if there is an involution τ ′ of R̂
under which pi−1(KR) is invariant set-theoretically and which induces the
canonical involution τ of R, i.e., pi ◦ τ ′ = τ ◦ pi.
Lemma 1. Any Hitchin hyperelliptic tangential cover over a hyperelliptic
curve is symmetric.
Proof. Let (R, τ) be a hyperelliptic curve and pi : R̂ → R be a Hitchin
hyperelliptic tangential cover. Clearly, we may take a canonical divisor KR
set-theoretically invariant under τ . The involution τ induces an involution
τ ′ on R̂ and pi(R̂/τ ′) = P1. Moreover, τ ′ is a hyperelliptic involution of R̂.
Consequently, we have a commutative diagram
R̂
pi

// R̂/τ ′ ∼= P1
piτ

R // R/τ ∼= P1.

Let Bl : S˜ → S be the blow-up of S at σ(KR) where σ : R → C0 is the
section. Since the canonical divisor KR is preserved by τ , it is not hard to
see that the involution τ on S extends to τ˜ on S˜. Let Bl′ : S˜⊥ → S˜ be the
blow-up of S˜ at si and ri for i = 1, . . . , 2g + 2 and consider the following
diagram:
S˜⊥
Bl′

ϕ // S†

S˜ //
Bl

S˜/τ˜

S // S/τ.
(3)
Note that S† is a minimal desingularization of S˜/τ˜ and ϕ is a covering of
degree 2 with the pullback
∑2g+2
i=1 (s
⊥
i + r
⊥
i ) of the ramification divisor on
S˜⊥ where s⊥i and r
⊥
i are exceptional curves for i = 1, . . . , 2g + 2 after the
blow-up of points si and ri respectively.
Lemma 2. Let pi : R̂→ R be a Hitchin hyperelliptic tangential cover. There
exists a unique τ˜ -equivariant morphism ι˜⊥ : R̂→ S˜⊥.
Proof. From [5], there is a morphism ι˜ : R̂→ S˜ of degree 1. The morphism
ι˜ commutes with τ˜ , and by passing to the quotient, we have a morphism
ι˜/τ˜ : R̂/τ → S˜/τ˜ . Since R̂ is hyperelliptic, we have R̂/τ ∼= P1 and in
particular R̂/τ is smooth. Hence the morphism ι˜/τ˜ covers a morphism
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(ι˜/τ˜)† : R̂/τ → S†. Since diagram (3) is commutative, there is a morphism
ι˜⊥ : R̂→ S˜⊥ covered by ι˜. The uniqueness of ι˜⊥ follows from the fact that
ι˜⊥ coincides with ι˜ on a dense open set. The equivariance with respect to τ˜
follows from the uniqueness. 
From Lemma 2, we may define
%(R̂) := ϕ ◦ ι˜⊥(R̂). (4)
Let ι˜ : R̂→ S˜ and µi(R̂) = multri ι(R̂) for i = 1, . . . , 2g + 2 and
µ(R̂) = (µi(R̂)1≤i≤2g+2) ∈ N2g+2.
We say that µ(R̂) is the type of cover R̂ and µ(R̂) is adapted to n if
µi(R̂) ≡ n mod 2 for i = 1, . . . , 2g + 2.
Also we let
Ln,n,n := Bl
∗(nC0 + nKRf)− n
2g−2∑
i=1
Ei. (5)
We know that Ln,n,n is smooth (see [5]) and the strict transformation of
nC0 + nKRf .
Lemma 3. For all n > 2 and all µ adapted to n, there exists a unique
divisor λ(n, µ) ∈ Pic(S†) such that
ϕ∗(λ(n, µ)) = Bl′∗(Ln,n,n)−
2g+2∑
i=1
µir
⊥
i . (6)
Proof. First let us prove that S† is a rational surface: From diagram (3),
we have two injections
H0(S†,Ω1S†) ↪→ H0(S˜⊥,Ω1S˜⊥)
τ and H0(S†, (Ω2S†)
2) ↪→ H0(S˜⊥, (Ω2
S˜⊥)
2).
It is clear that S˜⊥ is birational to R× P1 and the involution τ acts by −1
on
H0(R× P1,Ω1R×P1) ∼= H0(R,Ω1R).
Hence, H0(S˜⊥,Ω1
S˜⊥
)τ ∼= H0(R,Ω1R)τ = 0. Moreover, we have
H0(S˜⊥, (Ω2
S˜⊥)
2) ∼= H0(R, (Ω1R)2)⊗H0(P1, (Ω1P1)2) = 0.
Hence, by the Castelnuovo-Enriques criterion, we conclude that S† is a ra-
tional surface. Form this, we see that Pic(S†) has no torsion. Consequently,
ϕ∗ : Pic(S†) → Pic(S˜⊥) is injective. Hence we prove the uniqueness of
λ(n, µ) if it exists. The existence will follow from an explicit construction.
We may let for n even
λ(n, µ) = nC†0 + (nKRf)
† +
n
2
2g+2∑
i=1
s†i −
2g+2∑
i=1
µi
2
r†i .
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Let C1 be a unique symmetric divisor on S which is isomorphic to the
hyperelliptic curve R. Then for n odd we may let
λ(n, µ) = C†1 + (n− 1)C†0 + ((n− 1)KRf)† +
n− 1
2
2g+2∑
i=1
s†i −
2g+2∑
i=1
µi − 1
2
r†i .
It is not hard to see that
ϕ∗(s†i ) = 2s
⊥
i , ϕ
∗(r†i ) = 2r
⊥
i
ϕ∗(nC†0 + (nKRf)
†) = Bl′∗ ◦Bl∗(nC0 + nKRf)− n
2g+2∑
i=1
s⊥i − n
2g−2∑
i=1
Ei
ϕ∗(C†1) ≡ Bl′∗ ◦Bl∗(C0 +KRf)−
2g+2∑
i=1
(s⊥i + r
⊥
i )−
2g−2∑
i=1
Ei.
Note that ≡ in the above expression means a linear equivalence. Using the
above, it is easy to see that
ϕ∗(λ(n, µ)) = Bl′∗(Ln,n,n)−
2g+2∑
i=1
µir
⊥
i .

Let HHT(n, g,S, µ) be the moduli space of Hitchin hyperelliptic tangen-
tial covers pi : R̂ → R of type of cover µ where the genus of R is g and
deg(pi) = n. Note that an element of HHT(n, g,S, µ) is a birational class
of R̂.
Theorem 2. There is a one-to-one correspondence between HHT(n, g,S, µ)
and |λ(n, µ)| defined by
R̂ 7→ %(R̂).
In particular, λ(n, µ) is a rational curve.
Proof. From (4), we have defined %(R̂) := ϕ ◦ ι˜⊥(R̂) which is a rational
curve. Since ι˜(R̂) ∈ |Ln,n,n|, we have the strict transformation of ι˜(R̂) by
Lemma 2;
ι˜⊥(R̂) ∈ |Bl′∗(Ln,n,n)−
2g+2∑
i=1
µir
⊥
i |.
Hence, we have by Lemma 3
ι˜⊥(R̂) = ϕ∗(λ(n, µ)).
Again by the uniqueness of λ(n, µ) in Lemma 3, we have %(R̂) ∈ |λ(n, µ)|.
Surjectivity of %: For a rational curve C ∈ |λ(n, µ)| with normalization
C†,
Γ = C† ×S† S˜⊥.
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Then we have a map ι˜⊥ : Γ→ S˜⊥. Define
pi = piS ◦ Bl ◦Bl′ ◦ι˜⊥.
It is not hard to see that pi : Γ → R is a Hitchin hyperelliptic tangential
cover.
Injectivity of %: Let %(R̂)† be the normalization of %(R̂) where [R̂] ∈
HHT(n, g,S, µ) where [R̂] is a birational class. As in the proof of the
surjectivity, we may construct a Hitchin hyperelliptic tangential cover
%(R̂)† ×S† S˜⊥.
In order to show the injectivity, it suffices to show that there is Γ ∈ [R̂] such
that
Γ = %(R̂)† ×S† S˜⊥.
Clearly, the image of Γ in S˜ is the image of R̂. Hence, we have a birational
map R̂→ Γ. Hence, Γ is uniquely determined by %(R̂)†. 
4. Finiteness of Hitchin hyperelliptic covers
The canonical divisor of S˜ is given by
K
S˜
= Bl∗(KS) +
2g−2∑
i=1
Ei = Bl
∗(−2C0 +KRf) +
2g−2∑
i=1
Ei. (7)
Since ϕ is ramified along
∑2g+2
i=1 (s
⊥
i + r
⊥
i ), we have
ϕ∗(KS†) = KS˜⊥ −
2g+2∑
i=1
(s⊥i + r
⊥
i ) = Bl
′∗(K
S˜
). (8)
Note the facts that Ei.Ej = s
⊥
i .s
⊥
j = r
⊥
i .r
⊥
j = −δij , s⊥i .r⊥j = 0, Bl∗(D1).Ei =
0, and Bl∗(D1).Bl∗(D2) = D1.D2 for D1, D2 ∈ Pic(S) where δij is the
Kronecker symbol.
Lemma 4.
λ(n, µ).KS† = 0.
Proof. Note that ϕ∗ ◦ ϕ∗(λ(n, µ)) = 2λ(n, µ). Consequently,
2λ(n, µ).KS† = ϕ∗ ◦ ϕ∗(λ(n, µ)).KS† = ϕ∗(λ(n, µ)).ϕ∗(KS†)
(8),Lemma 3
= L⊥n,n,n.Bl
′∗(K
S˜
)
(7),(6)
=
(
Bl′∗(Ln,n,n)−
2g+2∑
i=1
µir
⊥
i
)
.Bl′∗
(
Bl∗(−2C0 +KRf) +
2g−2∑
i=1
Ei
)
(5)
=
(
Bl∗(nC0 + nKRf)− n
2g−2∑
i=1
Ei
)
.
(
Bl∗(−2C0 +KRf) +
2g−2∑
i=1
Ei
)
= n(2g − 2)− 2n(2g − 2) + n(2g − 2) = 0.

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Lemma 5. Let µ(2) :=
∑2g+2
i=1 µ
2
i . We have
λ(n, µ)2 =
n2(2g − 2)− µ(2)
2
.
Proof. The proof is also a simple calculation similar to the proof of Lemma 4:
2λ(n, µ)2 = ϕ∗ ◦ ϕ∗(λ(n, µ)).λ(n, µ) = ϕ∗(λ(n, µ)).ϕ∗(λ(n, µ))
= (L⊥n,n,n)
2 =
(
Bl′∗(Ln,n,n)−
2g+2∑
i=1
µir
⊥
i
)2
=
(
Bl′∗(Bl∗(nC0 + nKRf)− n
2g−2∑
i=1
Ei)−
2g+2∑
i=1
µir
⊥
i
)2
= 2n2(2g − 2)− n2(2g − 2)− (
2g+2∑
i=1
µ2i )
= n2(2g − 2)− µ(2).

The following lemma is essentially the same as one in [9] except one
assumption. We reproduce the almost same proof here.
Lemma 6. [9] Let Σ be an analytic complex surface, KΣ a canonical divisor,
and f : P1 → Σ a morphism. We suppose that f(P1).KΣ = 0. Then for all
germs of analytic deformation t 7→ ft of f = f0, we have ft(P1) = f0(P1)
for all t in the neighborhood of 0.
Proof. Let TΣ and TP1 be the tangent bundles respectively. Using ft, we
have an exact sequence
0→ TP1 → f∗t TΣ → Nt → 0
where Nt is a normal sheaf on P1. The hypothesis implies that the degree of
f∗t TΣ is equal to 0. Since the degree of TP1 is 2, for all t in the neighborhood
of zero, Nt is a direct sum of locally free sheaf of rank 1 with strictly negative
degree and a torsion sheaf. Therefore, the image on Nt of a section ∂f/∂t
which is a section of f∗t TΣ is zero except a finite number of points at most.
Hence ft = f0. 
Theorem 3. We have
n2(2g − 2) + 4− µ(2) ≥ 0.
Consequently, there are only finitely many possible
µ(R̂) = (µi(R̂)1≤i≤2g+2) ∈ N2g+2.
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Proof. Let %(R̂) ∈ |λ(n, µ)|. Using Lemma 4 and Lemma 5 combining with
the adjunction formula, we have
g(%(R̂)) = 1 +
%(R̂).%(R̂) +KS† .%(R̂)
2
= 1 +
n2(2g − 2)− µ(2)
4
.
Since the genus g(%(R̂)) is ≥ 0, we have the desired result. 
Finally, we have the main result:
Corollary 1. There are only finitely many Hitchin hyperelliptic tangential
covers over a hyperelliptic curve.
Proof. From Lemma 6, we have dimC |λ(n, µ)| = 0 and from Theorem 3,
there are finitely many µ. Finally, combining the above with Theorem 2,
the claim follows. 
Combining Corollary 1 with (1), we have the following corollary:
Corollary 2. Let n > 2. The moduli space of Hitchin hyperelliptic spectral
covers over a hyperelliptic curve has at most co-dimension of g + 1 in the
moduli space of all Hitchin spectral covers if there exists a Hitchin hyperel-
liptic tangential covers.
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